Let M be a Kähler compact manifold and let G be a subgroup of its full isometry group. Assume G acts in a Hamiltonian fashion and that it has a one-dimensional center. In this article we analyze the Kähler reduction M λ and the Kähler cut M λ with respect to the Hamiltonian action of the center Z(G). We prove among other results if K is a compact Lie subgroup of K s , where K s is the semisimple connected Lie subgroup of G, whose Lie algebra is [g, g], then K acts coisotropically on M if and only if it acts coisotropically on M λ and K acts cosiotropically on M λ if and only if Z(G) · K acts coisotropically on M. We apply these results to P n (C), the blow up of P 2 (C) at three points and finally to the blow up of P n (C) at one point.
Let (M, g) be a compact Kähler manifold with Kähler form ø and let G be a compact Lie subgroup of its full isometry group. This action is automatically holomorphic by a Kostant theorem, see [7] vol. I, p.247, and it induces by compactness of M an action of the complexification group G C on M. We say that M is G C -almost homogeneous if G C has an open orbit in M. If all Borel subgroup of G C act with an open orbit on M then the open orbit Ω in M under the action of G C is called spherical homogeneous space and M is called a spherical embedding of Ω.
The G action is called coisotropic or multiplicity free ( [5] ) if there exists an open subset U ⊂ M with Gx coisotropic respect to ø for every x ∈ U.
The following result is proved in [5] , p. 275.
Theorem 1. Let M be a connected compact Kähler manifold with an isometric action of a connected compact group G that is also Hamiltonian. Then the following conditions are equivalent: (i) The G-action is coisotropic.
(ii) The cohomogeneity of the G−action is equal to the difference between the rank of G and the rank of a regular isotropy subgroup of G. (iii) The moment map µ : M → g * separates orbits. (iv) The Kähler manifold M is projective algebraic, G C -almost homogeneous and a spherical embedding of the open G C -orbit.
In this paper we shall analyze the special case when G has one dimension center. Throughout this paper, we will denote by Z(G) the connected component of the center of G.
Let θ : Z(G) × M −→ M be the Hamiltonian action of Z(G) on M, which is of the G-action on Z(G), with moment map µ : M −→ R . The action extends to a holomorphic action of C * on M, by compactness of M, which we will continue to denote by θ. Suppose that Z(G) acts freely on the level set µ −1 (λ). Hence, λ is a regular value of µ and µ −1 (λ) is a closed submanifold of M. Furthermore, it is well known that M λ = M/Z(G) is a Kähler manifold, the Kähler reduction, and the Kähler form ω λ is characterized by the property i * ø = π * ω λ , where i is the inclusion of µ −1 (λ) into M and π is the natural projection of µ −1 (λ) into M λ . Our first main result is given in the following Theorem 2. Let (M, ø) be a connected compact Kähler manifold and let G be a connected compact subgroup of its full isometry group. Assume that G has a one-dimensional center. Let K be a compact subgroup of K s , where K s is the semisimple connected Lie subgroup with Lie algebra k s = [g, g], where g = Lie(G). Assume that Z(G) acts freely on the level set µ −1 (λ), where µ is its moment map. Then K acts Hamiltonian on M λ . Moreover, K acts coisotropically on M λ with Kähler form ω λ if and only if Z(G) · K acts coisotropically on M.
Next, we will consider the Symplectic cuts from Kähler point of view, i.e. Kähler cuts.
Let N = M × C, equipped with Kähler form
Z(G) acts on N by its product actions and this action is Hamiltonian with moment map ξ = µ + |z| 2 . Moreover Z(G) acts freely on the level set ξ −1 (λ), so ξ −1 (λ) is a closed submanifold and M λ = N/Z(G) is a Kähler manifold. The level set ξ −1 (λ) is the disjoint union of the two Z(G)-invariant sets:
Hence M λ is a disjoint union of the reduced space M λ and the open subset As in Theorem 2, we may prove that a closed Lie subgroup K ⊂ K s acts Hamiltonian on M λ . In this context, our main result is the following We apply these results to P n (C), example 4, the blow up of P 2 (C) at three point, example 5, and the blow up of P n (C) at one point, example 6.
Proof of Theorem 2
Firstly, we recall briefly the following basic fact that we will use throughout this paper.
Let G be any compact Lie group and K be a closed subgroup of G, with g and k the respective Lie algebras. The projection i * : g * −→ k * is the map dual to the inclusion i : h −→ g. Suppose G acts Hamiltonian on M with moment map ψ : M −→ g * . Then the restriction of the G-action on H is Hamiltonian with moment map
Let K be a closed subgroup of K s . We will denote by φ : M −→ g * (resp. ψ : M −→ k * ) the moment map of the Hamiltonian action of G on M (resp. of K on M). The moment map φ : M −→ g * is equivariant with respect to the given action of G thus µ −1 (λ) is K−invariant. Moreover, it is easy to see that the application
is an isometric action of K on M λ . We recall that the Kähler form ω λ on M λ satisfies i * ø = π * ω λ , where i is the inclusion map of µ −1 (λ) and π is the natural projection of M into M λ . Hence the K-action on M λ is a symplectic action. Indeed, let X, Y ∈ T [x] M λ and let X, Y ∈ T x µ −1 (λ) such that π * (X) = X and π * (Y ) = Y. Let k ∈ K. Then
i.e. the K-action is a symplectic action. Now, we shall prove that the K-action is Hamiltonian. We define
We claim that ψ is the moment map of the K-action on M λ . It is easy to see that ψ is K−equivariant. Hence the problem is then restricted to verify that for every Z ∈ k we have dψ Z = −iZω λ , wherẽ Z is the vector field on M λ generated by the one-parameter subgroup exp K (tZ). Let X ∈ T [x] M λ and letX ∈ T x µ −1 (λ) such that π * (X) = X. Let Z ′ be the vector field on M generated by exp K (tZ). Obviously π * (Z ′ ) =Z. Then
Now, we shall give some relationships between the K-action on M λ and the Z(G)K-action on M.
Let X be the infinitesimal generator of the one parameter group θ(exp(t), ·) : M −→ M, which we will denote by exp(t). We note that X is the gradient of the moment map µ : M −→ R. In [2] it was shown that the application
Firstly, we shall prove that h is a K−equivariant application, which is equivalent to prove that the K−action commute with the one parameter subgroup exp(t).
Let J be the complex structure on M. Then J(X) is a infinitesimal generator of the one parameter group θ(exp(it), ·) and by our assumption commute with any infinitesimal generator S of the K-action. Moreover, since X, JX and S are holomorphic fields we have The set C * ·µ −1 (λ) is an open subset then there exists q = ρ exp(iσ)p, where p ∈ µ −1 (λ), such that the orbit (Z(G) · K)q is a principal orbit.
We shall calculate the stabilizer of q. Since the K-action commute with the C * -action then we have
This means both the orbit of K through [p] and the orbit of Z(G) · K through p are principal orbits. Now, one can note that k[p] = [p] if and only if there exits an element r(k) ∈ Z(G), and it is unique since Z(G) acts freely on µ −1 (λ), such that kp = r(k)p. Hence the following application
is surjective, the kernel is a finite subgroup, since Z(G) ∩ K s is finite, and
Moreover, if we denote by r(G) the dimension of a maximal tourus of G, we have proved that r(K [p] ) = r((Z(G) · K) p ), so finally we have
thus proving, by Theorem 1 (ii), Theorem 2. Q.E.D.
Example 4. Let P n (C) = SU(n)/S(U(1) × U(n)) be the complex projective space. It is well known that the complex projective space is a Kähler reduction of the circle action on C n+1 , see [3] . Clearly, C n+1 is not compact but for any compact Lie subgroup K of SU(n) the above proof hold. Indeed, the conditions (1) to (3) are equivalent even without the hypothesis of compactness, see [5] , and SU(n) acts isometrically, so also holomorphically, and in a Hamiltonian fashion. Hence, a compact connected Lie subgroup K of SU(n) acts coisotropically on P n (C) if and only if S 1 · K acts coisotropically on C n . Kac [6] and Benson and Ratclif [1] have given the classification of linear coisotropic actions, from which one has the full classification of coisotropic actions on P n (C).
and on (P 1 (C)) 3 by the diagonal action. In [4] p. 339, is proved that 0 is a regular value of the moment map φ of the S 1 −action, S 1 acts freely on the level set of φ −1 (0), and finally the Kähler reduction is biholomorphic by the blowing up of P 2 (C) at 3 points. Hence a closed subgroup K ⊂ U(1) × U(1) × U(1) acts coisotropically on the blow up of P 2 (C) at three points if and only if S 1 · K acts coisotropically on (P 1 (C)) 3 .
Proof of Theorem 3
Let K be a compact Lie subgroup of K s . We define the application
It is easy to see that Ψ is a symplectic and isometric action on M × C and ψ −1 (λ) is K−invariant. This fact allow us to define an action on the Kähler cut
and as in Theorem 2 we may prove this action is an Hamiltonian action with moment map
In section 2 we proved that h is a K−equivariant application, so Kx is a principal orbit if and only if Kh(x) is and K x = K h(x) . Hence, using Theorem 1 (ii) we get our result. Q.E.D. z n 2 z 0 2 + · · · + z n 2 .
One can prove that φ([0, . . . , 1]) is the global maximum of the moment map φ and φ −1 ( 1 2 ) = [0, . . . , 1]. Hence, see [2] page 5, if λ = 1 2 − ǫ, ǫ ∼ = 0 then the Kähler cut P n (C) λ is biholomorphic to the blow up of P n (C) at [0, . . . , 1]. By Theorem 3 and example 4, a closed subgroup K ⊂ U(n − 1) = {A ∈ SU(n) : A(0, . . . , 1) = µ(0, . . . , 1)} acts coisotropically on the blow up of P n (C) at [0, . . . , 1] if and only if it acts coisotropically on P n (C) if and only if Z(U(n)) · K acts coisotropically on C n . Now, using [6] and [1] we get the complete classification of the Lie closed subgroup of U(n − 1) that it acts coisotropically on the blow up of P n (C) at [0, . . . , 1].
